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(TADAHITO HARIMA)
weak Stanley property strong Stanley property ,
. Stanley $[19,20]$ , the hard
Lefschetz theorem . , [22]
, . Example 39 , Gorenstein
SSP . , Gorenstein
Hilbert unimodal . Gorenstein unimodality
, . weak (strong)Stanley property
WSP(SSP) .
, WSP(SSP) (section 2). WSP
Hilbert , socle type Hilbert
(section 3). section 4 , , O- $h=\{h_{0}, h_{1}=2, h_{2}, \ldots, h_{S}, \ldots\}$
Hilbert Artin $k[x, y]/I$ socle type . , 2
, $k[x, y]/I$
. , , Campanella
, [ $3,4|$ . , ( $h_{1}=2$ level
, ) $h_{1}=.2,\text{ }$ level
.
1 weak Stanley property
weak Stanley property , Hilbert socle type
.
, $k$ . , Artin ,
$A_{0}=k,$ $A=k[A_{1}]$ $\dim_{k}A_{1}<\infty$ $A=\oplus_{i=}^{s}\mathrm{o}A_{i}(A_{s}\neq 0)$ .
, $A$ $k[x_{1}, \ldots, x_{n}](n=\dim A_{1})$ . . .
$H(A, i)=\dim_{k}Ai(i=0,1, \ldots)$ $A$ Hilbert , $F(A, \lambda)=\Sigma_{i\geq 0}H(A, i)\lambda i\text{ }A$
Hilbert . { $a\in A$ : $|A_{1}a=0$ } $A$ $‘ 5^{t}\circ c(A)=$
$\oplus_{i=0}^{S}[s_{\mathit{0}}c(A)]_{i}$ , $.A$ socle . , $\mathrm{r}^{-}s(A, \lambda)=\Sigma_{i=}^{S}\mathrm{o}^{\mathrm{d}\mathrm{i}[}\mathrm{m}kSoc(A)]i\lambda^{i}$ , $A$
socle type .
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. $A$ Artin . $A$ Hilbert ( $H(A, i)=H(B, i)(i=$
$0,1,$ $\ldots)$ ) Artin $B$ , $S(A, \lambda)\geq S(B, \lambda)$ ( , $\lambda^{i}$
“ $\geq$ ”) , $A$ maximal socle tyPe .
$A=\oplus_{i=}^{s}0A_{i}$ Artin , $y\in A_{d}$ . $i=0,1,$ $\ldots$ ,
$A_{i}\ni a\ovalbox{\tt\small REJECT}arrow ya\in Ai+d$ full rank ( ,
), $y$ full rank . 1 full rank $y\in A_{1}$ Lefschetz
element .
11. $y\in A_{d}$ . $A_{l}\ni a\mapsto y.a\in A\iota+d$ , $i\geq l$ ,
$A_{i}\ni a-ya\in Ai+d$ .
([22, Definition 3.1]). $A=\oplus_{i=0^{A}}^{S}i$ Artin .
(1) Lefschetz element $y\in A_{1}$ , $A$ weak Stanley property
. , $(A, y)$ .
(2) $i=0,1,$ $\ldots,$ $\lfloor s/2\rfloor$ , $A_{i}\ni a\vdash\Rightarrow y^{s-2i}a\in A_{s-i}$
$y\in A_{1}$ , $A$ strong Stanley property . , $(A, y)$
.
12. $A=\oplus_{i=0}^{s}A_{i}$ Artin . $(A, y)$ SSP , $d\geq 1$
$y^{d}$ full rank . , $(A, y)$ WSP ..
$A_{i}\ni a->y^{d}a\in Ai+d$ . $i+d>$. $s$ , $A_{i+d}=0$
.
$i+d\underline{<}s$ . $(A, y)$ SSP , $A_{i}\ni a$ }$arrow y^{s-2i}a\in A_{s-i}$ .
$i+d\leq s.-.i$ , $A_{i}arrow A_{i+d}arrow A_{s-i}$ , $A_{i}arrow A_{i+d}$ .
$i+d>s-i$ . $(A, y)$ SSP , $A_{S}-(i+d)arrow A_{S-\{s-}(i+d)\}=A_{i+d}$
. $s-(i+d)<i,$ $\text{ }$ $A_{s-(i+d)}arrow A_{i}arrow A_{i+d}$ , , $A_{i}arrow A_{i+d}$
.
.
13. $(A=\oplus_{i=0}^{s}Ai, y)$ WSP .
$t={\rm Min}$ { $i|A_{i}\ni a-\succ ya\in A_{i+1}$ : }
. , $t={\rm Min}\{i|H(A, i)\geq H(A, i+1)\}$ . 1.1 ,
$(*1)$ $H(A, 0).<H(A, 1)<\cdots<H(A, t)\geq H(A, t+1)\geq\cdots\geq H(A, s)$ ,
$A$ ilbert unimodal .
,
$(*2)$ $\triangle H(A, 0),$ $\triangle H(A, 1),$
$\ldots,$
$\triangle H(A, t),$ $0,$ $\mathrm{o},$
$\ldots$ $A/yA$ Hilbert ,
$\mathrm{O}$- ( $0$ - [18] ).
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, $[s_{oC}(A)]_{i}\subset \mathrm{k}\mathrm{e}\mathrm{r}(A_{i}\ni a\mapsto ya\in A_{i+1})$ . , $i=0,1,$ $\ldots,$ $t-1$
, $A_{i}\ni a\mapsto ya\in A_{i+1}$ , $[S. oc(A)]_{i}=0$ . , $i\geq t$ ,
$A_{i}\ni a\vdasharrow ya\in Ai+1$ ,
$\mathrm{d}\mathrm{i}\mathrm{n}1_{k}\mathrm{k}\mathrm{e}\mathrm{r}(A_{i}\ni a[]arrow y\backslash \cdot\in aA_{i+1}.\cdot.)=H’.\cdot(A, i)-H$.
$(A, i.\dotplus 1)$
. ,
$(*3)$ $S(A, \lambda)\leq\sum_{i=t}^{s}\{H..(A, i)-H(A, i+1).\}\lambda^{i}$
.
WSP $A$ Hilbert $s(A),$ $s(A)={\rm Max}\{H(A, i)\}$ , . $s(A)$
$A$ Sperner number [22]. , $s(A)=\Sigma i=ts\{H(A.\cdot’ i)-H(A, i+1)\}$ ,
$A$ Cohen-Macaulay tyPe $S(A, \lambda=1)$ $s(A)$ .
2 WSP SSP
WSP SSP , \langle
.
, 2 .
21. , $(k[x]/(x^{s+1}), \overline{X})$ SSP .
22. $I$ $R=k[x, y]$ $R/I$ Artin . , $A=R/I$
WSP .
. $I=I_{d}\oplus I_{d+1}\oplus\cdots$ , $I_{d}$ non-zero $f$ 1 . $B=R/fR=$





$arrow g$ . . . $arrow g$ $B_{s}$ $arrow g$ $B_{s+1}$ . . .






$arrow\overline{g}$ . $0$ . . .
, $\varphi$ : $B.arrow A$ canonical homomorphism . $B$ Hilbert 1, 2, $\cdots,$ $d$ ,
$d,$ $\cdots$ , $g$ non-zero divisor
$B_{i}arrow B_{i+1}lX\{$









$4\Re$ $d-1\leq i$ .
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, $(A,\overline{g})$ WSP
2.3. $A=k[x,$ $y|/I$ Artin .
(1) $A$ Lefschetz element $y$ , $i\geq 1$ $y^{\mathrm{i}}$ full rank
?
(2) $A$ Hilbert , $A$ SSP ?
(3) $A$ complete intersection , $A$ SSP ?
24. 3 , 22 . , $A=k[x, y, z]/(x^{2},$ $xy,$ $xz,$ $y^{3}$ ,
$y^{2_{Z}},$ $y_{\mathcal{Z}^{2},Z^{4}})$ WSP . $A$ Hilbert 1, 3, 3, 1, $0,0,$ $\cdots$ , socle type
$S(A, \lambda)=\lambda+2\lambda 2+\lambda 3$ . , $(*3)$ , $A$ WSP .
, lexsegment .
Bigatti Hulett , , Hilbert ,
lexsegment $[2,1\bm{5}]$ . , ,
. , WSP
. , $\cdot$ lexsegment
. .
2.5. WSP , Hilbert ,
?
Gorenstein , WSP SSP
.
26([22, Corollary 35]). $(A=\oplus A_{i,g}),$ $(B=\oplus B_{\mathrm{i}}, h)$ SSP , $A_{0}=B_{0}=$
$k$ . , $(A\otimes B, g\otimes 1+1\otimes h)$ SSP . , $(k[x_{1}, \ldots, x_{n}]/$
( $x^{e_{1}},$ $\ldots,$ x$1$ n)en, $\overline{X1+\cdots+x_{n}}$) SSP .
27. complete intersection SSP ( WSP) ?
28( [22, Theorem 3.8 (2),(3) $]$ ). $(A=\oplus_{i=0}^{s}Ai, g)$ SSP , $f\in A_{d}$ general
. ,
(1) $f$ $A/0:g$ general , $(A/0:f, \overline{g})$ WSP .
(2) $f$ $A/0$ : $g^{i}(i=1, \ldots, s)$ general , $(A/0 : f,\overline{g})$ SSP
.
WSP Gorenstein Hilbert , ,
$0$ - . , $h=\{h_{0}, h_{1,\ldots,s}h, 0, \ldots\}$ WSP
Gorenstein Hilbert , $h_{s-i}=h_{i}(i=0,1, \ldots, \lfloor s/2\rfloor)$ ,
$\{h0, h1-h0, \ldots, h\lfloor s/2\rfloor-h\mathrm{L}s/2\rfloor-1, \mathrm{o}, \ldots\}$ 0- . .
29([10, Theorem 12]). $h=\{h_{0}, h1=n+1, \ldots, h_{s}, 0,0, \ldots\}$ ,
$0$ - . , $\mathrm{P}^{n}$ 2
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$X$ $Y$ , $k[x_{0}, x_{1}, \ldots, x_{n}]/I(X)+I(Y)$ WSP Gorenstein
, Hilbert $h$ . , $I(X)$ $I(Y)$ $X$ $Y$
.
Diesel [6] ( Geramita, Migliore [8]) , codimension 3 Gorenstein
, Hilbert , ,




2.10 ([11]). Hilbert Gorenstein WSP
.
29, 2.10 , , linkage
link 2 Gorenstein .
Gorenstein Hilbert [9]. ,
Gorenstein ([8,16] ).
Stanley [18] codimension 3 Gorenstein .
2.11. Gorenstein Artin greded ring $k[x, y, z]/I$ WSP ( SSP) .
5 , non-unimodal Hilbert Gorenstein Artin
[1] , 5 .
2.12. non-unimodal Hilbert codimension 4 Gorenstein
?
2.13. SSP ( WSP) Gorenstein ?
214. $I$ $J$ $R=k[x_{0}, x_{1}, \ldots, x_{n}]$ $n$ Cohen-Macaulay ,
$A_{SS}(R/I)\cap Ass(R/J)=\emptyset$ . , $R/I+J$ ( WSP ?
3 maximal socle type WSP
section 1 13 , WSP Hilbert
, unimodal $0$ - , .
, socle tyPe 1 upper bound . ,
. , $0$- unimodal ,
Hilbert WSP , $(*3)$ .
. $h=\{h_{\mathit{0}}, h_{1}, \ldots, hs’ \mathrm{o}, \ldots\}$ unimodal , O-
, , .
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(1) $h_{0}\leq h_{1}\leq\cdots\leq h_{t}\geq h_{t+1}\geq\cdots\geq h_{s}>0$ ,
. (2) $\{h\mathit{0}, h_{1}-h\mathit{0}, \ldots, ht-ht-1,0, \ldots\}$ $\mathrm{O}- F^{1}$ , .
( ) $h$ WSP- . , WSP- $h$ ,
$\Phi_{h}(\lambda)=\sum_{i=t}^{s}(h_{i}-hi+1)\lambda^{i}$
.
31. $h=\{h_{0}, h_{1,\ldots,s}h, \mathrm{o}, \ldots\}$ $0$ - . , $h$ WSP Hilbert
$h$ WSP- . , $h$ Hilbert
WSP $A$ , $S(A, \lambda)\leq\Phi_{h}.(\lambda$.
$)$ , WSP
.
. 13 , WSP- $h$ , Hilbert
WSP $A$ $S(A, \lambda)=\Phi_{h}(\lambda)$ .
, $u_{1},$ $\ldots,$ $u_{l}$ $u_{1}={\rm Min}\{i|h_{i}\geq h_{i+1}\}$ , $u_{j}>s$ , $u_{j+1}=$
${\rm Min}\{i>u_{j}|h_{i-1}>hi\}$ ,
$h_{0<}\cdot\cdot.\cdot<h_{u_{1}}=...$ $=h_{u_{2}-1}>hu_{2}=\cdots=h_{u_{3}-1}>h_{u_{3}}\cdots>hu_{\mathrm{I}}=\cdot*\cdot=h_{s}>h_{u_{1}}+1=0$ .
$n=h_{1}-1$ . WSP- $b=\{h_{0}, h_{1}, \ldots, hu1’ u_{1}h, \ldots\}$ differentiable
$\mathrm{O}$- , [7] , $\mathrm{P}^{n}$ $X$ , Hilbert
$b$ ([7] ). , $X$
: $X=X_{1}\supset X_{2}\supset\cdots\supset x_{\iota}$ , $X_{j}$ $h_{u_{j}}$




$\cdot$ . $. \oplus(\bigoplus_{1=l-}^{u_{l^{-1}}}[I(l-1)]i)\oplus iu(i=u_{\mathrm{t}}\oplus[I(\iota)]_{i})\oplus msS+1$
, $m=$ $(x_{0}, x_{1}, \ldots , x_{n})\subset R=k[x_{0,1,\ldots,n}xx]$ . $A=R/I$ . $A$
.
$A$ Hilbert $h$ : $B^{(j)}=R/I^{(j)}=\oplus[B^{(j)}]_{i}$ . $j$
$H(B^{(j)}, i)=h_{u_{j}}(i\geq u_{1})$ . , $A_{i}=[B^{(1)}]_{i}(0\leq i\leq u_{2}-1)$ ,
$A_{i}=[B^{(j)}]_{i}(u_{j}\leq i\leq u_{j+1}-1),$ $A_{i}=0(s+1\leq.i)$ , $A$ Hilbert $h$ –
.










, $A$ WSP .
$S(A, \lambda)=\Phi_{h}(\lambda)$ : ,
$[SoC(A)]uj+1-1–[I^{(j+}1)]_{u_{j+}-}11/[I(j)]u_{j}+1-1$
, ,
$\dim_{k}\{[I^{(}j+1)]_{u\cdot-1}2+1/[I^{(j\rangle}]_{u_{j}-1}+1\}$ $=$ $H(B^{(j)}, u_{j+}1-1)-H(B^{(}j+1),$ $u_{j+}1-1)$
$=$ $h_{u_{J}}-h_{u_{j+1}}$
. , $S(A, \lambda)=\Phi_{h}(\lambda)$
, WSP ilbert ,
.
3.2. maximal socle type WSP , ltration
.
?
4 Artin $k[x, y]/I$
. O- $h=\{h_{0}, h_{1}=2, h_{2}, \ldots, h_{s}, \ldots\}$ ,
$F_{h}(\lambda)$ $=$ $\Sigma_{i\geq 0}h_{i}\lambda^{i}$
$\Phi_{h}(\lambda)$ $=$ $\Sigma_{i\geq}0{\rm Max}\{\mathrm{o}, hi-hi+1\}\lambda^{i}$
$\Phi’(h\lambda)$ $=$ $\Sigma_{i\geq 2}{\rm Max}\{0, \triangle^{2}hi\}\lambda^{i-2}$
. , $\triangle^{2}h_{i}$ $h$ 2 .
4.1. $h=\{h_{0}, h_{1}=2, h_{2}, \ldots, h_{s}, \ldots\}$ $0$ - . ,
(1) $h$ Hilbert Artin $A=k[x,$ $y|/I$ ,
$\Phi_{h}’(\lambda)\leq S(A, \lambda)\leq\Phi h(\lambda)$
.
(2) , $\Phi’(h\lambda)\leq S(\lambda)\leq\Phi_{h}(\lambda)$ $S(\lambda)$ , $h$ Hilbert
Artin $A=k[x, y]/I$ , $S(A, \lambda)=S(\lambda)$ .
. (1) , 3.1 section 52 .
(2) , $I$ , .
. $\square$
O- $h=\{h_{0}, h_{1}=2, h_{2}, \ldots, h_{s}, \ldots\}$ Hilbert Artin $A=k[x,$ $y|/I$
$0 arrow m-\bigoplus_{j=1}^{1}R(-p_{j})arrow\bigoplus_{j=1}^{m}R(-qj)arrow R(\mathrm{O})arrow Aarrow \mathrm{O}$
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$(p_{j}>0, q_{j}>0)$ . ,
$\dot{F}_{h}(\lambda)$ $=$ $\frac{1-\Sigma_{j1}^{m}=\lambda^{q_{j}}+\Sigma_{j=1}m-1\lambda pj}{(1-\lambda)^{2}}.\cdot$
’
$S(A, \lambda)$ $=$ $\Sigma_{j=1}^{m-}1\lambda p_{g^{-}}2$
. socle type $S(A, \lambda)$ , 4.1 ,
$\{p_{i}\},$ $\{q_{i}\}$ .
5 $h_{1}=2$ level
Artin $A=\oplus_{ii}^{s}=0^{A}$ , Soc$(A)\supset A_{s}$ . :
([17]). $S_{oC}(A)=A_{s}$ Artin $A=\oplus_{i=}^{s}0A_{i}$ level . , 0-
$h=\{h_{0}, h_{1,\ldots,s}h, \mathrm{o}, \ldots\}$ , level Hilbert function $h$ level
(level , level [13,14,17] ).
$h_{1}=2$ level .
5.1. $h=\{h_{0}, h_{1}=2, h_{2}, \ldots, h_{s}, 0, \ldots\}(h_{s}>0)$ $0$ - . $h$ level
, $h$ 1 $\triangle h$ unimodal .
2 . . :
5.2. Artin $A=k[x,$ $y|/I$ Hilbert $h=\{h_{0}, h_{1}=2, h_{2}, \ldots, h_{s}, \mathrm{o}, \ldots\}$
. $\triangle^{2}h_{i+2}>0$ , $\dim[Soc(A)]_{i}\geq\triangle^{2}h_{i+2}$ .
. Artin $A=k[x,$ $y|/I$





$F(A, \lambda)$ 2 :
$F(A, \lambda)$ $=$ $\frac{1-\sum^{m}j=1+\lambda^{qj}\sum^{m-}j=1\lambda^{p}1J}{(1-\lambda)^{2}}$ ,






, Artin Hilbert socle type .
, .
5.3. $R=k[x, y]$
$I=(y^{b_{1}},$ $y^{b_{2}}x,.,$$yxa1..b_{l}a\iota-1$ , xa
, . $0<a_{1}<\cdots<a_{l},$ $b_{1}>\cdots>b_{l}>0$ . ,
$c_{1}=a_{1},$ $c_{i}=a_{i}-a_{i-1}(2\leq i\leq l),$ $a_{0}=^{\mathrm{o}}$ .
(1) $F(R/I, \lambda)=\sum_{i=1}^{l}\lambda^{a_{i}}-1\frac{(1-\lambda^{b_{i}})(1-\lambda^{C}\mathfrak{i})}{(1-\lambda)^{2}}$ .
$\iota$
(2) $S(R/I, \lambda)=\sum_{i=1}\lambda^{a+}ib_{i}-2$ .
(3) $\mathrm{R}/\mathrm{I}$ level , $i\neq j$ $a_{i}+b_{i}=a_{j}+b_{j}$
.
. $0<r_{1}.\leq\cdots$ \leq r $(r_{1}, \ldots, r_{\mathrm{e}})$ ,
$r_{1}+\cdots$ +r : :.-.:.
$P=\{\alpha^{i}\beta^{j}|1\leq i\leq e, 1\leq j\leq r_{i}\}$
$r_{e}$ , $s_{1},$ $\ldots,$ $s_{r_{e}}$
:
$P=\{\alpha^{i}\beta 1\}\cup\cdots\cup\{\alpha\beta ir_{\mathrm{e}}\},$ $s_{j}=\#\{\alpha^{i}\beta j\}(1\leq j\leq r_{\mathrm{e}})$ .
$s_{j}(1\leq j\leq r_{\mathrm{e}})$ ( \beta $j$ $\alpha^{i}\beta^{j}$ . ,
$(s_{r_{\mathrm{e}}}, ss_{2,1}r_{e}-1, \ldots,S)$ $\theta(r_{1},$
$\ldots,$
$r_{e}\mathrm{I}$ . .. $\cdot$ . $\cdot$
51 . $h$ $h_{1}=2$ $0$ - , $u={\rm Min}\{i|h_{i-1}>$ , 1
$\triangle h=\{1, \ldots, 1,0, \ldots, \mathrm{o}, \triangle h\triangle h_{s}+1, \mathrm{o}, . , .\}u’\cdots$,
. $\triangle h_{u}<0,$ $\triangle h_{s+1}<0$ .
$h$ level . , $h$ Hilbert level $A=R/I$
. , $\triangle h$ unimodal , $\triangle h_{i-1}<\triangle h_{i}$
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$\triangle^{2}h_{i}>0$ $u<i\leq s+1$ . , 52 $\dim[SoC(A)]i-2>\triangle^{2}hi$ .
$i-2<s$ , $A$ level .
$\triangle h$ unimodal . , $0>\triangle h_{u}\geq...\geq\triangle h_{s+1}$ .
, $h$ Hilbert socle type $h_{s}\lambda^{s}$ level .
$r_{1}=-\triangle h_{u},$ $r_{2}=-\triangle h_{u+1},$
$\ldots,$
$r_{e}=-\triangle h_{s+1}$ , $0<r_{1}\leq$ ... $\leq r_{e}$ .
, $\theta(r_{1}, \ldots, r_{e})=(C_{1}, . \text{ }. , C_{r})\mathrm{e}$ . , $a_{1}=c_{1},$ $a_{i}=ci$ $+a_{i-1}(2\leq i\leq r_{\mathrm{e}})$ ,
$b_{i}=s+2-a_{i}(1\leq i\leq r_{e})$ . :
$I=(y^{b_{1}b}, yx^{a},., y^{b}, x^{a_{1}}21..\iota_{X}a\iota-1)$ ,
$l=r_{\mathrm{e}}$ . , 53 $H(k[x, y]/I)=h,$
$S(k[X, y\coprod]/I, \lambda)=h_{s}\lambda^{s}$
. $k[x, y]/I$ level .
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